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close to the diffracted wave front are clearly qualitatively different.

In Fig.5 we show curves of the pressure distribution on a sphere with a softer damping
coating (y = 5) for different instants t. The pressure rise at the point ¢ = 11, due to
interaction of waves travelling round the sphere, can prove to be substantial and in some
cases is more than twice the incident-wave amplitude.
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STATIONARY VIBRATIONS OF AN ELASTIC HALF-SPACE WITH A
CIRCULAR CYLINDRICAL CAVITY SUBJECTED TO A PERIODIC LOAD"

L.A. ALEKSEYEVA

The problem of the stationary vibrations of an elastic half-space with a
circular cylindrical cavity subjected to a periodic load along the axis
is considered to investigate the state of stress and strain of extended
shallow mining shafts under dynamic effects. The problem is reduced to
the solution of a system of equations with normal-type determinant by the
method of superposition of solutions by using contour integrals of
Fourier type and Fourier-Bessel series. The question of the existence
and uniqueness of the solution is examined, and its singularities are
investigated as a function of the velocity of the moving load or its
period. It is shown that Rayleigh surface waves occur in the medium for
velocities above the Rayleigh value.

1. Formulation of the problem. Let us consider an isotropic elastic half-space
z<h,h >0 with Lamé parameters A, p,p, weakened by a circular cylindrical cavity of radius
R,R<h (Fig.l), whose axis OZ is parallel to the half-space boundary. We connect a
cylindrical coordinate system (0, r, 0, z) to the cylinder axis, whose polar axis coincides
with the (OX axis. A load that is stationary in t and periodic in z acts on the cylinder

cavity Gr; = 2ue;p; (9) giz-on (1.1

j=r,0,z6 =18 =g, =i
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allowing of the Fourier series expansion
Py (6) = %Pf'eue (1.2)
A load allowing of a Fourier transformation in y

0. = pesfy (y) @90, j=2z,y, 2 (1.3)

o

sx:Lay:Bz:i, f,(y)= S ff'(*l)e“’“d"l

—x0

can also act on the half-space boundary.
Determine the state of stress and strain of the medium.
To solve the problem we use the Lamé potentials @, ¥
u = grad @ + rot ¥ (1.4)
where u is the displacement vector. The boundary conditions (1.1) and (1.3) and steady in
nature, consequently, the potentials ®,v ¥ have the same dependence on time. We henceforth
omit the factor e-ief,
We represent ¥ in the cylindrical coordinate system in the form /l/
¥ = e, + rot (Pye,) (1.5)
The functions @, {;, P3 satisfy the Helmholtz equations /1, 2/

z x

Fig.l

B
(9o, i1, iPa) = (@, Py, Pa)i %o = @ = wlcp
oy =y =P = wle,; ¢ =V &+ 2p)p, e = Vulp

(1_{_76;?_,_“]._3)%:0, j=10,1,2 1.6)

(cp, €5 are the velocities of propagation of the volume and shear waves).
Using Hooke's law for an isotropic medium

du, w, o
0u=7vzkl‘3,—k5u+l*(7;:-+a—,j) 1.7

and relationships (1.4) and (l1.5), we write the boundary conditions for ¢;

(20— + 2 )00+ 2100 2 D91, (1.8)

a* AW .
2 a—:;—”-(% —&9.) + (Tyf - F) g, =1if,

g S g yop_py) TR —if, for z—h

[ ra
(8* — Y4f* + Dy) 9o — iDs@y + £ (B — 8 + D)) @2 = pr (1.9)
— Dy + i(% @ —&y+ Dl) + EDypy —=ipe

> 09 & op (A o9 . —
it ar" — 575 + z(—z—ﬁ’—g’)w—_lp, for. r=R

D= t(B ) A= th(t-2)
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We represent ®; in the form of the superposition of waves emitted by the cavity and the
half-space boundaries

o

= 3 a/Zy(wpr)en® + {Am)dn (1.10)
L

n=—x

A) =a;m)exp (ign + (@ — WV —vA), v;= Vaf — &
Zp (vy, 1) = in (v2)MH® (vyr) fIn ] — 1|, vi5= 0
Z,(0,7r)=1nr; Z, (0, r) = (sgn n)"rin), n 5= 0

As is well-known /1-3/, the components of the Fourier-Bessel series in (1.10) are
particular solutions of the Helmholtz Egq.(1.6); the Hankel functions H,® (vyr) satisfy the
Sommerfeld radiation conditions as r-— oo if

Imv; > 0, v; E [0, —o0) {1.11)
The damping conditions
Im Vnz_\,jz<0’ Re V.nz_\,jz>0 (1.12)

should be satisfied for the waves emitted by the half-space boundaries.

These conditions impose a constraint on the selection of the contour of integration L
and its possible transformations inthe plane of complex %: 1 = n; + in,. To obtain a formal
solution of the problem, we assume provisionally that L coincides with the real axis m;. To
give the solution a foundation it is later required that L be transformed because of a number
of singularities in the behaviour of the integrands on the real axis m;.

We also note that for § == a; one or two of the Egs.(1.6) become Laplace equations. The
class of solutions whose first and second derivatives decrease at infinity is described by
the functions Z, (0, r)¢™®. The factor for H,® (v;r) is selected for convenience since it
can be shown by starting from the asymptotic form of the Hankel function that /4/

limZ,(v,r)=2Z,(0,r), lm(Z,(v,r)—1lnv)=2Zy(0,r) (1.13)
v—0 V=0

This continuity property permits a number of convenient identical formulas to be obtained
for the functions introduced, and is also necessary for investigation of the behaviour of the
solution as § — a;.

Therefore, the relationships (1.10) satisfy Egs.(1.6) (under the assumption that the
operation of term-by-term differentiation of the series and functions under the integral sign
is valid). The unknown coefficients a;* and the functions a; (1) are to be determined.

2. A source periodic in # concentrated on the axis. We assume that a," are
known. This is true if a source concentrated on the z axis, those potential can be given by
an analogous Fourier-Bessel series, is considered in place of the cavity. To determine a; m)
we go over to a Cartesian coordinate system in relationships (1.10). We use an expansion
valid for z >0

£

Zp (v, 1) €70 = S fa (1, v) SXRLN — (W;I/;-i{an’_ ) dn @1

with the same relationships in the signs of the radicals where

1 22 \inl
fu(myv) = o=l (ﬂ+5gnn2Vﬂ v ) . nl+|v[£0 @2

For n=0,v =0 we will use the formula

1 elymmxml _ o-hini
Inr=lunh— — \ ————— = 2.3
pr=luk— _3 IR @9
We set f,(n, 0) = —/,. Because of an analogous formula for H, (vr) ¢ in /5/ formulas

(2.1) and (2.3) can be cbtained for v = 0 by a passage to the limit in (1.13). For v =0,
(2.1) can be obtained differently by using formula 3.384(4) in /6/.
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Substituting these relationships into (1.10), we cbtain a representation of the potentials
in the neighbourhood of the plane boundary 0 <z <% in the Cartesian coordinate system.
Later the boundary conditions (1.8) should be used, the terms in (W1 should be grouped, and
by virtue of the arbitrariness of y the coefficients of %" on the left- and right~hand

sides should be equated. We consequently obtain a system of linear equations in «;" and a; (1)
which we solve and then obtain

Fm A
a;(n)~—2 o A + 7 (2.9)
k=0
RV v o
Am)=i’i‘v—gp-,1/p_£—=§f—“’— > atalnv (2.5)
v - Y —= OO

Ay = 4p*V " — P VP — Bk (2" — B

Ayl = \’12A+VP3 - 52/][92 - o?

At = v of — BF (2" — BY)

Agt = 4vE (0 — ) (B* — 20%), AY° = 2pM7AG

Af = v, (207 — ) + 4V PP —aF VP — BT (' (B + B — )
Af = —8Enf? (p* — PV p* — @ A = —v A

A = AR A = A7 — 2} (20" — BT), o* = B + 0

The components of the loads acting on the plane boundary are

= (B* — 20% f:* + 2V p® — B® (nfy* + E4*)
v 2A, = B2 [(20* — B*) f,* — 2V 0" — af.*] +

28 (20 — B2 — 2V PP —*V p? — BY) (nf* — &,*)
v, =V — B [(20° — BY).* + 28V — ¥l +

——wn(“f,-—h ) YRV E = — 2 + Y

It follows from relationships (2.4) that the integrands have singularities in ™ which
depend on §. These singularities and the selection of the contour I will be examined in
Sect.4. We now assume that the contour L is such that it agrees almost everywhere except in
a set of small measure with the axis ., the radiation conditions (1.12) are satisfied on L,
and the integrands are continuous and twice differentiable with respect to 7 and y.

3. Diffraction by a hollow cylinder. Resolving system of equations. Let us
consider the case wv;5:0,j=20,1,2. To determine &;,* we use the boundary conditions (1.9).
For this we go over to a cylindrical coordinate system in (1.10). It is known /1, 3/ that

ehreont — B mT (hr) eint 3.4

Num—oo

Relationships (3.1) hold even for complex § for which it follows that

exp(iyn + z V' — v = L Jnlvy) ei® ('HFV’)"V’ ) 32

Na=—00

31 ZoGn ety vy

zs:‘(;“’ ry=linj—1]] @I, (vr)
Substituting (3.2) into (1.10) we obtain
0= 8,"Zn (v 7) €0 + 2,0 (v, 1) € {g‘éﬁ a"Clm + C,) (-3
Here

kn Ajk(’))f ("lv"])f ("l:”k)Ek;("l) d 4
Cim= ,S WV PE—PA_(m) @4
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¢ =S Ayminv)exp (VP —wY
4 v PR — BRA_ ()
Eym)=exp(— (VW — v + V12— v?)

Using (3.3) in the boundary conditions (1.9), grouping terms with ¢ and equating
Fourier coefficients on the left- and right-hand sides of the equations, we obtain an infinite
system of linear algebraic equations to determine q;"

& . 2 . o 2
]_§o By (Z,)a" = — ’_goBk' @) 3 3 amCh — 3.5)
3
D BI(ZOC + pty, k=0,1,2, n=0,41,42...
i=0 ]

The notation in terms of B,/ (Z,) is here

I

B = (s (v*R? — E*R®) — %) Zy (vo, R) + voRZ,' (v, R)
Byl = n (voRZp' (vo: R) — Zp (vo, R))

By? = v ER*Z,' (vo, R)

B\* = n (Zy, (vyy R) — v RZ,’ (v,R))

By = (Yyv*R? — n®) Z, (v, R) + viRZy' (v1, R)

By* = —nkRZ, (v, R)

B = ER ((v/°R® — n®) Zy (v1, R) + viRZ,’ (vy, R))

By' = nkR (Z, (v, R) —viRZ,' (vy, R))

Byt = 1w R (v*R* — P'R") Z,,’ (v;, R)

J,' (v, R) = dJ (2)/dz |:=vr

Ii

as for H,'; we obtain By’ (Z,") by replacing Z, by Z,'.

The formal solution of the problem is completed by solving system (3.5). The displacements
and stresses at any point of the medium can be found from the known potentials (1.10) by means
of (1.4) and (1.7).

4. On the selection of the contour of integration L. Utilization of the formal
Fourier transformation in y on the boundary % =h to solve this problem results in a number
of difficulties in principle since the integrands on the real axis, as follows from (2.5),
have singularities of the first and even second order pole type, as well as branch points
whose location depends on §. Therefore, the conditions for the existence of an inverse Fourier
transform are not satisfied, and the operation, say, of differentiation under the integral
sign is therefore not allowable. However, transformation of the contour L in the neighbourhood
of the singular points enables the solution to be represented in the form of contour integrals
of Fourier type whose integrands are continuous, differentiable, and satisfy the radiation
conditions along L (1.11). Since there are branch points it is necessary to extract the
domains of single-valued analytic branches and to construct the contour taking these domains
into account.

It follows from (2.5) that the function a;(n) have singularities for

vi=0§=§p (4-1)
p=0c; N= iV@jl — 8, j=1, 2 (4'2)
A =0,n=cvp =2V — &, v = olcr (4.3)

where c¢gp is the Rayleigh wave velocity in the half-space determined from the solution of
(4.3) which has-two real roots =7y /2/ satisfying the condition a<<P <<y, cr<<¢, < ¢p. For
periodic loads ®/ |%|=c¢ is the propagation velocity along the z axis. If |§|>7y i.e.,
¢ << ¢g, the integrands have no singularities in 1; and the real M; axis can be taken as the
contour L.

For ¢=—cg we have A_(0,y) = A_,(0,y) =0. A second-order pole is at the point M = 0.
But since the functions a;(n) are analytic in the neighbourhood of this point and the relation-
ships (2.1) allow transformation of the contour in the neighbourhood of 1 =0, the contour L
should bypass this point, say, in the e~half-plane 0 <e<y — B. The direction of traversal
is not essential since it does not affect the magnitude of the integral. Let us note that
such a transformation of the contour of integration should be allowed by the real load f;(¥)
(1.3). This latter is valid for a broad class of loads, particularly finite with finite
support.
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For cp<e<c (f<<E<Y) the integrands at the points 4wy on the 1, axis have a
first-order pole. For this case, a sheet of the Riemann surface of the function F (n, v;) =

¥nf—v/4 ReF>>0 with the slits 1y = 0, Img 1> 1v;| from the branch points 7 = i |v; |
on which Re F = 0, is shown in Fig.2a. The signs in the quadrants correspond to the sign
of ImF. In this case the value of the integrals depends on the direction of bypassing
the singularities 4wvr which should be bypassed in the second and fourth quadrants where
conditions (1.12) are satisfied /6/.

As ¢— ¢, i.e., for E— B, A(m, ) A(n, p) =0. It follows from relationships (2.5)
that the potentials of the shear waves ¢, g,-—>o0 while the potential of the volume waves
tends to a finite limit.

BRs ¢->¢, and c¢->c¢y, the function a;(y) contains F (4, v;) in the denominator,
where

Hm F (n,v)) = Vn? = [n|forn=n,

v 1-00

We do not succeed in transforming the contour in the ne_ighbourhood of n=0 as had
been done in the case ¢-»e¢p since by conditions (1.12) Yl =1n for %, >0,Vn = —y for
7, << 0. Consequently it is impossible to go from the right to the left half-plane with a

continuous change in 'Vrfl2 along L without going through n = 0, At the point E] =0 the
functions have a non-integrable singularity of the type 1/ {7 |, consequently, even as ¢— ¢,
we obtain @, o0 the limit of @, 92 is finite.

If ¢ > ¢, ¢ ¢, besides the first order poles 1 == -fvg on the axis m;, integrable

singularities v, = VP — &% as well as v, =+Va® — &, appear, if > ¢,, which are
branch points of the function F(y,v;). In Fig.2b where ¢ >¢, the sheet of the Riemann
surface of F on which Re F >0, is fixed by the slits %, =0, |n, |<<v, and 7;, =0. &s
before, Im F<{0 in the second and fourth quadrants where the singularities should indeed
be bypassed as is shown in Fig.2b.

For the contour selected in such a manner the integrands are continuous and differentiable
with respect to =z, ¥y on L, the operation of multiple didferentiation under the integral
sign is allowable by virtue of the exponential damping of the integrands as [n]— o on
L and the presence of integrable majorants independent of 2,y (Sect.5).

Note that it is not convenient to evaluate the integral (3.4) along L. By using the
theory of residues we can represent the integral component in (1.10) in the form (for ¢ > ¢g):

f Aymydn=V.p. § Aj(m)dn, + in 3 (— 1) Res a; () Inmianug X

L —eo k=1

exp(iy(— 1 va + — V¥ —2ap)

The first integral describes the damped waves as |y |-— oo the second describes Rayleigh
waves that occur for ¢ > cg. The same rule should be used when evaluating the coefficients

ckn, Ct (3.4), (3.5).

5. On the solvability of a system of equations. The foundation for the solution
of the periodic problem.. The infinite systemof Egs. (3.5) to determine the coefficients o5
can be reduced to a system with a determinant of normal type. Let us show this. We introduce
the new unknowns

2
b = > B (2,)a) (5.1}
=0
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We let Dy’ (Z, denote a matrix inverse on B’ (Z,. We have

o

2 2
b= BN e — 3 BIENC 4 p” 6
§=0

M=ot s=0

3 2
G;:sm = Z 2 Bk] (Zno) Dzs (Zm) Clj?n
j=0l=0

It follows from relationships (2.5) that by virtue of the selection of L the estimates

Mty ™ {nj— 1, {n)<y (5.3)
e @ <™ Inl =10 [n]>v
| AT} < C, p<ps | AFIAL[ < Cp, p>>py

are valid on L.

Here and below ¢ and py are certain positive constants independent of », m, n. Moreover,
for any 6, 0<8<min(2,h—R) there exists a (,>0 such that along L

[ By ()} << Cyexp (—2(h —8) [n)) (5.4)

These relationships enable us to evaluate the integrals ¢, and ¢;°. For example.

nl4imi+1]
R —q ym ) — gt

| ch < e M=h—38

For sufficiently large 2> N, m> M the following estimates are true

| By (2 | < Cln| R™, | D (Zm) | < CRI™
Consequently

: injtimi+1 R
]g;m‘<c Trl—2p [[m =1} slnmmi, § = 5

Hence

Z,N lephi<e Y, otph e ci (1) =25
>M

[F3 k=0, m==1 mas]

|

|

This last series converges by virtue of the selection of § i.e., system (5.2) has a
determinant of normal type. The free terms of the system are bounded since # >R and

[C/Bi Za0) | < Cln|(n]+ HRM)M

The coefficients p®—0 as [nl—9, by convention. Therefore, the conditions are
satisfied for the existence and uniqueness of a bounded solution of system (5.2) that can be
found by the method of reduction /7/. Successive approximations, which is equivalent to the
method of successive reflections can be used.

The order of decrease of the coefficients " in n is no worse than the order of pi"
as |n|—o. Conseguently, the system of Egs.(5.l1) satisfies the estimate

L

a2y (03, B 1 < € RINP n[3ms

if p* =0 (ni*Y,’ s>0 from which the uniform convergence of the Fourier-Bessel series in
(1.10) in the domain r> R follows, as does the inequality

fafin v i< C| By Mnl/Lnll
Consequently on L

Rnlini ,
| 4y ()] < C oxp (-h'lnn‘:'—,{i—'ﬂ—<2€e‘““"""'-
\n

Therefore, the integrals in {1.10) converge uniformly in # y in the domain z< 4.
Analogous uniform estimates can be obtained for the first and second formal derivatives of
the series and integrals and their uniform convergence can be shown. The existence and
uniqueness of the solution of the problem is shown thereby.

The signs of the radicals were constructed from physical representations in the con-~
struction of the solution. Namely, the integrals in (1.10) correspond to the expansion of
potentials in plane waves being propagated in the lower half-space and damped at infinity.
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Since the functions a4;(n) are analytic with a finite number of singularities, the contour can
consequently be transformed by going over to equivalent contours. By using the method of
stationary phase, it can be shown that for ¢< ¢, relationships (1.10) satisfy the Sommerfeld
radiation conditions

@5= 0 (VP 09,00 — iv;0; = o (VD). (5.5)
o=VE—ES

For c¢>c¢p that part of the potentials described by Fourier-Bessel series and the integral
in the principal value sense will satisfy conditions (5.5). The components outside the
integral describe Rayleigh surface waves of constant amplitude for =z = const independently of
Y, 2.

It is interesting to compare the solution obtained with an analogous solution in the case
of plane deformation. As is shown in /6, 8/, for plane deformation the stationary load on
a circular cavity generates Rayleigh waves in a half-plane (this is also clear from the
solution presented above), which corresponds to the case {=0 (c= ). The Rayleigh waves
occur in the half-space only if the period of the effective stationary load in z is greater
than 2n/y (<)

If the problem of stationary diffraction by a cavity in a half-space is considered, say,
for harmonic waves whose potentials are given by the formulas

@0 = exp (o ((ex) — ext)), x =.(=, ¥, 2)
(k is a fixed subscript, and e is the unit vector of the wave propagation direction), then
by introducing the potentials ®; of the reflected waves and setting ¢; =@+ &; by virtue
of the linearity of the problem, we will arrive at the solution elucidated above for deter-
mining ®;. Since a;<¥(=0,1,2), e, =cos4 where A is the angle between the ¢ vector and the
0Z axis, we have [e,| <1, consequently § = as., §{ < y. This means that Rayleigh waves also
occur in the diffraction of periodic waves by a cylindrical cavity in a half-space.

I1f loads aperiodic in z are considered, this same problem occurs in the space of Fourier
transforms in z. It can be shown that a two-dimensional surface exists in the space of
variables (¢, m) on which conditions (1.11) and (l1.12) are satisfied and integration should
be performed over this surface.
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